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Asymptotic Properties of
Rapidly Varying Functions*

VLADIMIR VLADICIC AND NEBOJSA ELEZ

ABSTRACT. In this paper we study asymptotic properties of rapidly
varying functions. The important properties of this class that are related
to arithmetic mean will be proved. The asymptotic properties of series
> o2, f(n) when f rapidly varying functions will be proved, also.

1. INTRODUCTION

A measurable function f : [a,00) — (0,00)(a > 0) is called regularly
varying in the sense of Karamata if for some o € R it satisfies

T .
m1—>oo f(x) A

for every A > 0, and we denote f € R,.

Class R, were introduced by J. Karamata [3] in 1930. Karamata proved
[see e.g. 1,3] that if function f € R,,a > 0, is locally bounded than

/a f(t)dt ~ a+1f(a:), (z — 0).

A measurable function f : [a,00) — (0,00)(a > 0) is called rapidly
varying in the sense of de Haan with the index of variability oo if it satisfies

i TA2) _
z—oo  f(x)
for every A > 1. This functional class is denoted by R (see e.g. [1]).

Example. If f(z) = 2" r(z) — oo, and r is nondecreasing function then
J € Rw.
We using following properties of rapidly varying functions:
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(1) In [1] is proved that if function f € R than

lim i()\:p) = 00
% 7@
and f € R.
(2) Using (1), we have, for f € Roo
. f(e(x))
] -
wmo [(0())

if ¥ (x) — oo and lim inf, % > 1.

2. RESULTS

Lemma 1. Let a > 0 and f € Ry be a locally bounded function on [0,00)
then for everyn € N and X\ > 1 exist yg > Aa that

n
Ly)> (g> . fory>wyo, y> Az, z>a.
flx) = \z
. fOe) . . .
Proof. From lim =~ = oo exist ty > 0 with properties: If ¢ > ¢y than
t—o0 f(t)

% > A2". Let yo > to with properties: if y > yo than f(y) > sup{f(s)|a <

s <t} (%)n = C'y". Than y exist because f is rapid varying function. Now
we consider two cases:

(1) to < z. Let k € N have properties Nz < y < AF*1z than

[(\z) [\ Az " n "
107 a7 Foe o > O 0t ()

(2) a <z < tg, than we have

f() f(y) Y\" _ (Y\"
> > (f) > (7) > 0. 0
f@) = swifla<t<to} ~ \a) ~\a) T
Lemma 2. [fx{,29,...,T, are positive real numbers, A = m and
p>1. Then

(1 4+ an)P >N (@] + 2.

Proof.

x1 +:E2+'-'—|-l‘n>17*1$317+ (1‘1 +£U2+"'+5Un)p*1xp

x1
+<x1—|—x2"'+xn

Tn

Z2

Py p—1(,p p
) b > NP (2 + -+ 2b) O
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Theorem 1. Let f € Ry be a locally bounded function on [0,00) and

. . . . . +...+ n
()02, sequence with properties inf{x,|n € N} > 0 and hnnigéf m
> 1. Then

flz1)+ flx)+ -+ flzn) < flz1+ 22+ -+ 20), (n — 00).

Proof. Let M > 1 and a = inf,en 2, > 0 and A = lim inf —Zf=t2n 5 1

n—ooo Max{z1,..,zn}
obviously lim (z1+--- 4 x,) = o0.
n—oo

Using Lemma 1, for sufficiently large n, k € {1,2,...,n} and every p > 1
we have

f(:v1+x2+---—|—wn)><x1+x2+---+xn>p
f(zk) ), '
Using Lemma 2
f($1)+f(x2)+---+f(xn)< )+ +ah < 1
flei+za+-+a,) — (z1+-Fz)P — AL

InM
InA

flxr+- ot an) > M(f(z1 4+ fzn)). [

If we put p = + 1 we have

Corollary 1. Let it (x,) positive and nondecreasing sequence. For every
f € Ro.

flx) + flxa)+ -+ fzn) < f(r1 + 22+ -+ + 20, (n — o)

if and only if
liminf—x1 to Tt In > 1.
n—o0 T

Proof. Proof of direct way we have from Theorem 1.

If hnni> 'géf W = 1 we have index (k, )52, with properties

. 1ttt g,
lim

n—oo J,‘k

=1.

n

Now we defined function f
f(z) =¢€" forz e (0,+0), x #ay,, i € N
flog) = entortian e N,

First we will show f € Reo.
For A > 1 holds \ — B F %k % > 0 for sufficiently large n. Then

:Ekn
we have

@Azkn A "”1+“'+'Tkn Ty,
R — T
eT1twat+wk, € " — % <n - OO)
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For zg, <z < g, ., we have
f(A\x) e
f(x) 7 max(e®t g er)
From this observation we have f € R, but
e = f(ay o b)) = flan,) < flon) + o+ flaw,)

because xy, < r1 + T2 + - + 2, < Ty, for sufficiently large n. This is
contradiction. O

Theorem 2. Let f € Ry, and € > 0 then
FA) + @)+ -+ f(n) < f(n'79), (n — o0).

Proof. Let k > % and g(z) = f({/x) then g € Ry and using Theorem 1 we
have

9(1)+9(2)++ +g(n*) < g(1+25+ - 4n¥) = g (110(1), (0 o0).

— 00, (r — 00).

Finally using (2)
FO)+ F@) +-+ f(n) < g (e 0(1)) = F'*FO())
< f(n'™9), (n — 00). O
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